
Topology Tools 
for 

Explainable and Green Artificial Intelligence

• Context: Green and Explainable artificial intelligence 
(REXASI-PRO)

• Computational topology tools: Persistent homology, 
barcodes, distance bottleneck, simplicial maps, 
Persistence modules, morphisms between persistence 
modules

• Partial matchings between barcodes

• Simplicial maps neural networks

1

Rocio Gonzalez-Diaz
rogodi@us.es



2

Our goals within REXASI-PRO
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Our goals within REXASI-PRO

Our goals within REXASI-PRO

Main goal

Use computational topology to design new 

methods to achieve explainable and green 

artificial intelligence models.

Specific Goals

1. Topology-aware reduce the input dataset.

2. Build explainable models based on topology.

3. Simplify the model preserving its learning capacity.

4. Create synthetic samples that can quickly train a model.



Why computational topology?

• Topology studies properties of spaces that are preserved against continuous deformations.

• Topological invariants can be used for deriving equivalence classes.

• From local to global: it allows to reveal hidden patterns that otherwise can not be pinpointed.
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• Neural networks are compositions of continuous functions.

• The training process consists of continuous deformations. 

The network deforms space so that, for example, data of different classes are separable by 

a hyperplane.

• Real-world high-dimensional data sets actually lie in low-dimensional manifolds (manifold hypothesis).
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• Topological space: an object = a set endowed with a topology (a notion of nearness)

• Algebraic topology: the study of algebraic invariants that are preserved under homeomorphisms 
(bijective and bicontinuous functions between topological spaces)

• Computational topology: tools for computing algebraic invariants (over a field)

• Topological data analysis: Analysis of the data using topology tools (mainly persistent homology)

• Homology: algebraic invariant that studies the number of n-holes in an object
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• From local to global: it allows to reveal hidden patterns 
that otherwise can not be pinpointed (topological data 
analysis).

• Stable invariants can be used for deriving classes of 
equivalence.

• Detect changes along the evolution of a system (without 
using any model)

Why computational topology?
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Concepts from computational topology

• (abstract) Simplicial complexes 

The boundary operator is defined as 𝜕𝑝 𝜎 = σ𝑖=0
𝑝

−1 𝑖⟨𝑣0, … , ෝ𝑣𝑖 , … , 𝑣𝑝⟩

p-simplex 𝜎 = ⟨𝑣0, … , 𝑣𝑝⟩,         𝑣𝑖 are the vertices of 𝜎.   

If 𝑣𝑖 ∈ 𝑅𝑛 for 0 ≤ 𝑖 ≤ 𝑛 then |𝜎| is the convex hull.

If x ∈ |𝜎| then there exists a unique vector 

bo 𝑥 , … , 𝑏𝑝 𝑥 ∈ 𝑅𝑝+1

such that σ𝑖=0
𝑝

𝑏𝑖 𝑥 = 1, 𝑏𝑗 𝑥 ≥ 0 for all 𝑗, and x = σ𝑖=0
𝑝

𝑏𝑖 𝑥 𝑣𝑖 .

x

barycentric coordinates of 𝑥 wrt  𝜎



10

Concepts from computational topology

• (abstract) Simplicial complexes 

If all the vertices of 𝐾 are in 𝑅𝑛, then |𝐾| is 𝜎∈𝐾ڂ 𝜎 .
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology (over a field) 

A p-cycle is a p-chain with an empty boundary ∂pc = 0.

A p-boundary is a p-chain that is the boundary of a (p + 1)-chain.

Zp   group of p-cycles

Bp group of p-boundaries

The p-homology group Hp is the quotient  group Zp / Bp

Bp ⊂  Zp   

Computation of Hp : SNF 
column operation (cycles), 
row operations (boundaries)

The p-th Betti number βp  is rank(Hp ) 

𝜶𝒊 = 𝟏 for all 𝟏 ≤ 𝒊 ≤ 𝒓 
when working over a field .
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 

The simplicial map 𝜑: |𝐾| → |𝐿| induced by the vertex map 𝜑(0) is 
a continuous function defined as 

𝜑 𝑥 = σ𝑖=0
𝑛 𝑏𝑖 𝑥 𝜑 0 (𝑢𝑖) 

where (𝑏0 𝑥 , … , 𝑏𝑛 𝑥 ) are the barycentric coordinates of 𝑥 wrt  
𝜎 = 𝑢0, … , 𝑢𝑛 ∈ 𝐾 with 𝑥 ∈ 𝜎.
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem

𝑆𝑑 𝐾 = barycentric subdivision of 𝐾

𝑆𝑑𝑡 𝐾 = 𝑆𝑑𝑡−1 𝑆𝑑 𝐾

wikipedia
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps

Obs: Homology is functorial:

Simplicial map linear map between vector spaces

Category 
Objects= {𝐴,𝐵,𝐶}
Morphisms= {𝑓,𝑔}
 

Category SpCpx 
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration



Example: 
Filtration 
Vietoris-Rips

• Consider a point sample X ⊆ Rn .

• Let r ≥ 0, V R r  (X) is the simplicial 

complex with edges

[x, y ] ∈ V R r (X) ⇐⇒ ∥x − y ∥ ≤ 2r

• Given a sequence a0 < a1 < · · · < an from R,

• Category R : objects a ∈ R, arrows a → b iff a ≤ b

• Filtered Complex : V R (X) : R → SpCpx

Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology

Barcode                                           

𝐵 = { 1,4 , 1 , 2,3 , 2 , ( 3,4 , 1)}

𝑆 = { 1,4 , 2,3 , 3,4 }

𝐵 = { 1,4 , 1 , 2,3 , 2 , ( 3,4 , 1)}

≃ persistence diagram
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology

• For each pair (τ, σ), we obtain an 
interval I = [filt(τ ), filt(σ)].

• I is nontrivial iff filt(τ ) < filt(σ)

• filt(τ ) is the birth value and filt(σ) 

is the death value of I .



Example: 
b a r c o d e

• Homology: H0 “connected components”, H1 “holes”, etc.

• Persistent Homology : PHn  (X) := Hn (VR(X)) : R → Vectk

Concepts from computational topology
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• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology
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• General pipeline:

Data & aim

La más bella niña
De nuestro lugar,
Hoy viuda y sola
Y ayer por casar

Combinatorial 
structure & 
filtration

Topological 
features Summarization

𝐸 = −෍

𝑖=1

𝑛
ℓ𝑖
𝐿
log

ℓ𝑖
𝐿

barcodes = persistence diagrams Persistent entropy

Persistence landscape

Persistence images

…

Vietoris-Rips filtration

Lower-star filtration

Clique complexes

…

Concepts from computational topology



22

Concepts from computational topology

Stability of persistent homoloy

𝑑 𝐵 𝑃𝐻𝑛 𝑉𝑅 𝑃1 , 𝐵 𝑃𝐻𝑛 𝑉𝑅 𝑃2 is ``small’’

Stability:

Stability:
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Concepts from computational topology

Stability of persistent homology

𝑑 𝐵 𝑃𝐻𝑛 𝑉𝑅 𝑃1 , 𝐵 𝑃𝐻𝑛 𝑉𝑅 𝑃2 is ``small’’

p-th Wasserstein distance: 

Bottleneck distance:  

Stability:

Stability:
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Concepts from computational topology

Stability of persistent entropy

+ number of bars

+ length homogeneity

+ persistent entropy On the stability of persistent 
entropy and new summary 

functions for topological data 
analysis. Pattern Recognition 

107, 107509 (2020)

What is persistent entropy measuring?
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology
• Persistence module

persistence module𝑉 = 𝑃𝐻1(𝐾)
𝜌1
2 𝜌2

3 𝜌3
4 𝜌4

5

0 0
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology
• Persistence module

A persistence module can be seen as a functor
from {1, … , n} to the category of vector spaces

This definition can be extended 
to any other totally ordered set

1 2 n

(𝑉𝑡 , 𝜌𝑝
𝑞
)

𝜌1
2 𝜌2

3 𝜌𝑛−1
𝑛𝜌0

1

0 0
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology
• Persistence module

The category of persistence modules satisfies that

• The direct sum of persistence modules is a persistence module
• The intersection of persistence modules is a persistence module
• The quotient of persistence modules is a persistence module
• The notion of submodule is well defined
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology
• Persistence module

Interval module

Example: 𝐵 = { 1,4 , 1 , 2,3 , 2 , ( 3,4 , 1)}

𝑆 = I ∶ …𝐵 = { 𝐼,𝑚𝐼 }
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology
• Persistence module

𝑘𝐼 ≃
𝑉𝐼𝑡
+

𝑉𝐼𝑡
− mI = dim

𝑉𝐼𝑡
+

𝑉𝐼𝑡
−

𝑡 ∈ 𝐼

Example: 𝐵 = { 1,4 , 1 , 2,3 , 2 , ( 3,4 , 1)}
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology
• Persistence module
• Morphism between persistence modules
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Concepts from computational topology

• (abstract) Simplicial complexes
• Homology
• Vertex map, simplicial map 
• Simplicial Approximation Theorem
• Category SpCpx : simplicial complexes, simplicial maps
• Filtration
• Persistent homology
• Persistence module
• Morphism between persistence modules

Example: 
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Our goals within REXASI-PRO

Links

• https://colah.github.io/posts/2014-03-NN-Manifolds-Topology/
• Elements of algebraic topology. Munkres
• Computational Topology: An Introduction.  Edelsbrunner, Harer
• Topological Data Analysis with applications. Carlsson, Vejdemo-Johansson
• Decomposition of pointwise finite-dimensional persistence modules. W. Crawley-Boevey.

• https://lewtun.github.io/hepml/lesson06_persistent-homology/ 

• https://colab.research.google.com/github/lewtun/hepml/blob/master/notebooks/lesson06_persiste
nt-homology.ipynb  

• https://colab.research.google.com/github/shizuo-
kaji/TutorialTopologicalDataAnalysis/blob/master/TopologicalDataAnalysisWithPython.ipynb

https://colah.github.io/posts/2014-03-NN-Manifolds-Topology/
https://lewtun.github.io/hepml/lesson06_persistent-homology/
https://colab.research.google.com/github/lewtun/hepml/blob/master/notebooks/lesson06_persistent-homology.ipynb
https://colab.research.google.com/github/lewtun/hepml/blob/master/notebooks/lesson06_persistent-homology.ipynb
https://colab.research.google.com/github/shizuo-kaji/TutorialTopologicalDataAnalysis/blob/master/TopologicalDataAnalysisWithPython.ipynb
https://colab.research.google.com/github/shizuo-kaji/TutorialTopologicalDataAnalysis/blob/master/TopologicalDataAnalysisWithPython.ipynb
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Our goals within REXASI-PRO
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